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A Moore graph of type (d, k) is a regular graph of degree d, diameter k, 
and girth 2k + 1. By counting the cycles of length 2k + 1 and 2k + 2 of a 
Moore graph, it is shown that there are no Moore graphs of type (d, k) for 
d = 3,4,5,6,8 and 3 < k < 300 except possibly for type (5,7). It is shown 
that there are no Moore graphs of type (3, k) when 3 < k < co and 2k + 1 is 
prime. 
I. INTRODUCTION 
A Moore graph of type (d, k) is a regular graph of degree d and 
diameter k which contains the maximal number n = n(d, k) of nodes, 
where 
n(d, k) = 1 + d i (d - 1),-l 
T4 
= d(d - 1)” - 2 
d-2 (d > 2). 
(The degree of a node is the number of edges incident at that node. In a 
regular graph of degree d all nodes have the same degree d. The diameter 
of a graph is the max-min distance, measured in number of edges, between 
all pairs of nodes.) That n(d, k) is a maximal number is shown by the 
following argument: In a regular graph of degree d and diameter k, the 
number of nodes at distance r from any given node cannot exceed 
d(d - 1),-l. A Moore graph has the property that equality is achieved 
for r = 1, 2,..., k. Hence n(d, k) is the number of nodes in a Moore graph, 
and this number is maximal for all regular graphs of degree d and 
diameter k. 
* This paper is dedicated to Professor Orrin Frink on the occasion of his retirement 
from the Pennsylvania State University. 
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The existence of Moore graphs of type (d, k) is essentially an open 
question. Clearly, there exists a Moore graph of type (2, k) for every k, 
represented by the cycle of length 2k + 1. Also, a Moore graph of type 
(d, 1) exists for every d, since these are the complete graphs of degree d. 
Hoffman and Singleton [l] settled the question for diameters 2 and 3 by 
showing that there is only one graph for each of the types (3, 2), (7, 2), 
and (2, 3) and no other Moore graphs of diameter 2 or 3 with the possible 
exception of type (57, 2). It was recently shown by Bosak, Kotzig and 
Znam [2] that for 3 < k < 8 no Moore graph of type (3, k) exists. The 
existence of Moore graphs for values d 3 3 and k > 3 is largely 
unresolved. 
II. ENUMERATION OF SHORT CYCLES 
Every Moore graph of type (d, k) may be represented as the union of a 
tree T = T(d, k) with levels 0, 1, 2 ,..., k (see Figure 1) and a set S of edges 
which suitably connect the nodes of level k. (S will also be treated here 
as a subgraph of degree d - 1.) Any node of the graph may serve as origin 
or topmost node. 
In this paper the symmetry of a Moore graph is exploited to demon- 
strate nonexistence of Moore graphs for a large number of types (d, k). 
E Set 8 
FIG. 1. Tree T(4, 3) and some edges of S. 
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In particular, the cycles of length 2k + 1 and 2k + 2 of a Moore graph 
are counted, and the only test applied is that both counts must be integers. 
The following results concern the number of these cycles in a Moore graph. 
THEOREM 1. Every cycle in a Moore graph G of type (d, k) has length 
3 2k -t 1. 
Proof. Given any cycle C of G, choose any node of C as origin 
(Figure 1). Since C cannot be a subgraph of tree r, then C must contain 
at least one edge E of S. Also, C must contain at least 2k edges of T, 
two separate paths of length k from the origin to nodes of S. (If not, the 
removal of a single edge of C would isoIate E from the origin, and hence C 
would not be a cycle.) Q.E.D. 
By using Theorem 1 it is easy to show that a regular graph of degree d 
and diameter k is a Moore graph if and only if it has no cycles of length 
less than 2k + 1. The shortest cycle in a graph G is sometimes called the 
girth of G. Since clearly every Moore graph contains at least one cycle of 
length 2k + 1, we may define a Moore graph as a regular graph of degree d, 
diameter k, and girth 2k + 1. 
THEOREM 2. Every node of a Moore graph of type (d, k) lies on exactly 
u = $d(d - 1)” difSerent (2k + I)-cycles. 
Proof. Any given node may be taken as origin. Clearly, every edge in S 
defines a unique (2k + I)-cycle through the origin. Conversely, every 
(2k + I)-cycle through the origin contains: at least one edge in S, else the 
tree T would contain a cycle; at most one edge of S, since every (2k + l)- 
cycle through the origin must include 2k edges of T. Hence every 
(2k + I)-cycle through the origin contains exactly one edge of S. 
Therefore there are as many (2k + 1)-cycles through the origin as there 
are edges in S. This number u is simply the number of edges of S, a regular 
graph of degree d - 1 having d(d - l)“-l nodes. 
THEOREM 3. The number qf distinct (2k + I)-cycles in a Moore graph 
of type (d, k) is 
A(d, k) = $$- 
d(d - 1)” [d(d - 1)” - 21 = 
2(2k + I)(d - 2) 
(d > 2). 
Proof. II . II is the product of the number of cycles per node and the 
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number of nodes. Since each (2k + 1)-cycle contains 2k + 1 nodes then 
clearly u . n counts each cycle exactly 2k + 1 times, and we must divide 
u * n by 2k + 1 to obtain A(d, k). 
THEOREM 4. Every node of a Moore graph of type (d, k) Iies on exactly 
v= 
d@rent (2k + 2)-cycles. 
Proof. The argument is similar to that used for Theorem 2 except that 
we use an adjacent pair H of edges of S in place of a single edge E of S. 
Any pair H determines exactly one (2k + 2)-cycle through the origin, 
since there is a unique path of length k from each end of H to the origin. 
Note that these paths cannot meet below the origin, since then there would 
be a cycle of length < 2k + 1 in the graph, in contradiction to Theorem 1. 
Conversely, every (2k + 2)-cycle through the origin must contain two 
non-intersecting paths of length k from the origin to nodes of S, plus two 
additional edges. These edges must be in S, and they must be adjacent; 
both statements follow from the fact that a cycle is a connected subgraph 
of degree 2. Hence v is the number of pairs H, and v can be obtained by 
multiplying the number of nodes of S by the number of ways of choosing 
a pair of edges from the d - 1 edges incident at each node. 
THEOREM 5. The number of distinct (2k + 2)-cycles in a Moore graph 
of type (d, k) is 
B(d, k) = fi 
d(d - 1)” [d(d - 1)” - 21 = 
2(X + 2) 
(d > 2). 
The proof is practically the same as for Theorem 3. 
Can the methods used in this paper to count cycles of length 2k + 1 
and 2k + 2 be extended to count cycles of length 2k + 3 or longer in a 
Moore graph ? Perhaps the following theorem will show that there are 
complications, and that there is no simple extension of the cycle counting 
technique. (A simple but somewhat long proof has been omitted.) 
THEOREM 6. A Moore graph of type (3, k) cannot contain a (2k + 3)- 
cycle. 
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III. THE NUMBER OF CYCLES Is AN INTEGER 
The cycle-count numbers A = A(d, k) and B = B(d, k) must be integers. 
If A and B are not both integral, we conclude that a Moore graph of 
type (d, k) is impossible. 
A digital computer was programmed to make these tests. As the study 
evolved, the region of interest was gradually enlarged to 3 < d < 60, 
3 < k < 30 in order to include the graphs of type (57, k) and to cover the 
full “diagonal” pattern that emerged. Later the region 3 d d < 30, 
31 ,( k < 60 was added, and finally the rows d = 3,4, 5, 6, 8 were tested 
out to k = 300. All of the choices of stopping point are essentially 
arbitrary, but any other choices would seem equally arbitrary. 
The numbers A and B tend to become rather large, and proper digital 
technique requires an indirect method for testing integrality. The algorithm 
that was developed and used is described in the Appendix. 
The results for the basic array are shown in Table 1, where an entry (.) 
or (P) in row d, column k means that a Moore graph of type (d, k) is 
either impossible (,) or possible (P). The other computer runs produced 
the following results: 
(a) For every 3 -=c k < 300, all Moore graphs of type (3, k), (4, k). 
(6, k) and (8, k) are impossible. 
(b) For every 3 < k < 300, a Moore graph of type (5, k) is impossible 
except possibly for type (5,7). 
(c) In the region 3 < d < 30, 31 < k < 60 there are no Moore 
graphs except possibly (7, 31), (9, 31), (9, 55), (11, 47) (11, 49), (13, 31), 
(21, 37) (21, 47) (22, 43) (23, 34) (25, 34) (27, 31) (28, 38) and 
(29, 31). 
Further, it was found that only one test is needed to make impossible 
all Moore graphs of type (3, k) in the range 3 < k < 300, for A(3, k) is 
never an integer in this range. A separate computer program was written 
to generate the remainder term of A(3, k); the list of 297 remainders 
modulo 2k + 1 did not appear to contain a simple regularity or 
pattern. 
The author attempted to prove analytically that for every k 3 3, A(3, k) 
is not an integer. A partial success was achieved and the following theorem 
is presented: 
THEOREM 7. If k > 3 and 2k + 1 is a prime then A(3, k) is not an 
integer and a Moore graph of type (3, k) is impossible. 
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Proof. It is sufficient to show that 2k + 1 does not divide the 
numerator 
W, = 3 2k(3 . 2L - 2) 
= 9 . 221~ _ 6 .2k 
= 9(22”’ - 1) - 6(2x f 1) + 9 f 6. 
We make use of Fermat’s Theorem: If p is a prime which does not divide 
g then gfl-l = 1 (modulop). Since 2k + I is prime, we may write 22k k 1 
(modulo 2k + 1); hence 2k + 1 divides 22k - 1 = (2ti + 1)(2k - 1) so 
that 2k + 1 divides either 2k + 1 or 2” - 1. Therefore for 2k + 1 to divide 
Wk it is necessary and sufficient that 2k + 1 divide either 9 - 6 = 3 or 
9 + 6 = 15. Since k 3 3 and 2k + 1 is prime, 2k + 1 cannot divide 
either 3 or 15. Q.E.D. 
The integrality test was also applied for diameters 2 and 3. The results 
are: a Moore graph of type (d, 2) is possible for every 3 < d < 60 except 
for C/ = 4 + 5, r = 0, 1, 2 ,..., 11; a Moore graph of type (d, 3) is possible 
for every 3 < d < 60 except for d = 7r, 7r + I, and 7r + 2, r = 1,2 ,..., 8. 
These results add nothing to the Hoffman-Singleton results, and the (57, 2) 
case remains an enigma. Furthermore, the integrality test is evidently weak 
for diameters 2 and 3. Is it possible that the test is also weak for diameters 5, 
6, etc, in Table 1 ? This might explain the relatively large number of (P) 
entries for small diameters. 
Part of the “diagonal” of (P) entries in Table 1 carries a simple 
explanation. Whenever d = 2k + 2, A and B are trivially integers. 
cl = 2k + 3 apparently also produces integers, though the mechanism is 
not obvious. 
APPENDIX 
To determine whether A and B are integers, the formulas for A and B 
were first modified by using the series expression 
n = n(d, k) = 1 + d C (d - I)“-1 
F-=1 
instead of the closed form for n. The algorithm, which makes use of the 
above modification, is: To test A, let rl = d(d - l), ri = remainder 
of (d - 1) riel, modulo 2k + 1, i = 2, 3 ,..., k. Let s1 = d . rk, 
si = remainder of (d - 1) siel , modulo 2k A-- 1, i = 2, 3 ,..., k. Let 
252 FRIEDMAN 
Y  = rk + sl + % + ..* + Sk . Then A is an integer if and only if 2k $ 1 
divides Y. To test B, use the same algorithm with 2k + 1 replaced 
(formally) by 2k + 2 and Y replaced by (d - 2)(rk + s1 + s2 + ‘.. + Sk). 
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